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Abstract
Expressions of the correlation between the log-amplitude and the phase of a wavefront propagat-
ing through the atmospheric turbulence are presented. These expressions are useful to evaluate the
feasibility of proposed methods to increase the confidence level of the detection of faint transient
astronomical objects. The properties of the derived angular correlation functions are discussed
using usual synthetic turbulence profiles. The close formulation between the phase and the log-
amplitude allows an analytic formulation in the Rytov approximation. Equations contain the
product of an arbitrary number of hypergeometric functions that are evaluated using the Mellin
transforms integration method.
OCIS codes: 010.1300, 010.1330, 010.1080, 350.1270.
PACS numbers:
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I. INTRODUCTION
The stars scintillation has been studied for a very long time [1–7]. Efforts by many theo-
reticians have led to an essentially complete theory of wave propagation in an inhomogeneous
random medium in the regime of the weak turbulence [1, 6, 8, 9]. In the geometrical optics
approximation, it has already been shown that the scintillation depends on the Laplacian
[10, 11]. The first and the second derivative of the phase-fluctuation power spectrum allow
to determine the seeing and the scintillation, respectively [7]. Alternatively, the Laplacian
of the turbulence could be inverted to estimate the scintillation pattern [12]. In this paper,
methods are suggested to increase the confidence level of the detection of faints objects such
as the search from stellar occultations by small Kuiper Belt Objects [13, 14], or to detect
the perturbations induced by the scintillation variations compared to those induced by the
phase variations for direct exo-planet observation from the ground [15].
In order to determine the feasibility of the proposed method for practical implementation,
it is necessary to evaluate parameters such as the size of the field of view and the aperture
of the telescope. In the Rytov approximation, the close analytical formulation between the
two quantities allows to apply a general formalism to determine the correlation between the
log-amplitude and quantities related to the second derivative of the phase of the wavefront
through the atmospheric propagation [16]. Thus, the parameters can be evaluated through
the correlation between the log-amplitude and quantities related to the phase of the wave-
front such as the curvature or the wavefront Zernike defocus. In the following, the approach
is through the Rytov approximation in the regime of the weak turbulence and the near field
approximation [5].
The correlations are investigated via a Mellin transform technique to evaluate the angular
properties. The process of setting up problems of wave propagation through turbulence
and reducing the expressions to integrals is lengthy [17]. The integrand of the integral
consists of the product of functions of hypergeometric type (a hypergeometric function
multiplied by a power of the variable). The integral over the spatial transform coordinate
can be performed with Mellin transform techniques so that the solution takes the form of a
generalized hypergeometric function, which is expressible as a series that converges rapidly
for many cases of interest that pertain to atmospheric turbulence. After performing the
integration, the problem is then reduced to an integration along the propagation direction
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and can be evaluated analytically when using the Hufnagel-Valley model of turbulence [18].
This approach has proved extremely useful in many applied physics problems including the
analysis of electromagnetic propagation in a turbulent medium [19, 20].
In Sect.2, analytic expressions of the phase and the log-amplitude are recalled in the Rytov
approximation. The general formalism of the correlation function developed in a previous
work [16] is applied to investigate the relationship between the log-amplitude and the phase
curvature, or the phase Zernike defocus under the effect of different well-known turbulence
profiles. In Sect.3, practical implementations are discussed, completed by an analysis of the
angular decorrelation effect for usual conditions of astronomical observations.
II. CORRELATION BETWEEN THE LOG-AMPLITUDE AND THE PHASE
A. Expression of the phase and the log-amplitude in the Rytov approximation
Following Tatarski derivations [1], and summarizing the equations for a propagation de-
scribing the electric field in a region with inhomogeneous refractive index n(r) from Sasiela
[9], p 37-41, one obtains,
∇2tE+ k20 n2(r) E+ 2∇[E · ∇ ln(n(r))] = 0, (1)
where the free space wavenumber k0 =
2π
λ
, and ∇2t is the transverse Laplacian.
The last term can be neglected when the propagation wavelength is less than the inner
scale size of the turbulence, and Eq. (1) becomes a scalar equation for each of the electric
components ∇2tE + k20n2(r) E = 0.
κ space being defined by the transverse Fourier transform, it has been shown that in the
case of the small effect of the inhomogeneity, the Fourier amplitude of the Rytov perturbation
term from 0 to z is [9],
dϕ(κ, z) = ik0
∫ z
0
dν(κ, z′) exp
[−iκ2(z − z′)
2k0
]
dz′, (2)
In this spectral expansion, The transverse Fourier transform of refractive index fluctua-
tions dν(κ,z) is required. The Fourier-Stieltjes relation between the refractive index and its
transform is given by
n(ρ, z) =
∫
dν(κ, z) exp (i κ · ρ) , (3)
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and the inverse transform is
dν(ρ, z) =
dκ
(2π)2
∫
dν(κ, z) exp (i κ · ρ) (4)
The Fourier transform of the log-amplitude scintillation can be obtained from the real part
of Eq. (2),
F [dχ(L)] = k0
∫ L
0
dν(κ, z′) sin
[
κ2(L− z′)
2k0
]
M(κ, z′)dz′, (5)
while the the transverse spatial Fourier transform of the phase is obtained from the imaginary
part,
Ft[dΦ(L)] = k0
∫ L
0
dν(κ, z′) cos
[
κ2(L− z′)
2k0
]
M(κ, z′)dz′, (6)
M(κ, z) is a composite filter function that modifies the turbulence spectrum [9]. Various
type of problems are addressed for which the Fourier transform of the phase is multiplied
by the composite filter, to express the phase at a point, a mode amplitude on an aperture,
or the radial dependence of a mode on an aperture [16, 21–23].
In high scintillation case, a multiple scattering theory is necessary to describe the log-
amplitude. The Rytov approximation gives a good approximation to the log-ampltitude
variance for values smaller than 0.35. This requirement is only to have a log-amplitude
fluctuations to be small [9]. At full saturation, the maximum value is 0.6. Even though the
Rytov value for log-amplitude is not valid when this inequality is not satisfied, the solution
for the phase for collimated beam has been shown to be valid [9, 24].
In the more restrictive paraxial assumption, the Green’s function for free space propaga-
tion, solution of Eq. 1, can be simplified if one assumes than the distance to the source is
much larger than the transverse coordinate, which requires | ρ - ρ’ |4 << (L − z)3λ (for a
source located at z = 0 and the observation point located at z = L). Therefore, the parax-
ial assumption gives the requirement that the propagation distance through the turbulence
L < D4/λ3 where D is the telescope aperture and λ the wavelength (see [9] p 42 for more
details).
B. Formalism
In a previous work, a general expression of the auto-correlation between two quantities
of interest related to the phase is presented [16]. The expression involves several parameters
such as the geometry of the propagation to characterize the spherical or plane propagation,
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the difference of aperture size between the telescopes, the inner and the outer scale of the
turbulence, the angle of separation and, phase analytical operators. In the following, a
more general expression is presented involving the case of the cross-correlation between the
aperture-average log amplitude and the aperture-average phase determined from a single
telescope at different angles of separation between the source and the reference.
Let gi be the quantity of interest related to the phase ϕi(Rρ) or the amplitude χi(Rρ) of
the wave multiplied by a spatial function M(ρ). gi is the amplitude of the projection over
the same circular aperture of radius R = D/2 from a source i,
gi =
∫
d2ρW (ρ)M(ρ)


ϕi(Rρ)
χi(Rρ)
(7)
where W (ρ) is the pupil filtering function of the normalized variable ρ using the Noll for-
malism [25],
W (ρ) =


1
π
: if |ρ| ≤ 1
0 : elsewhere
(8)
The filter function of the phase spectrum of ϕ(Rρ) is apply to derive the phase over a
circular aperture.
Invoking the stationarity properties of the atmospheric turbulence [1], the angular cross-
correlation between two distinct sources separated by an angle α becomes,
< g1g
∗
2 > (α) =
∫
d2ρ1W (ρ1)M(ρ1)


ϕ1(Rρ1)
χ1(Rρ1)
∫
d2ρ2W (ρ2)M
∗(ρ2)


ϕ∗2(Rρ2)
χ∗2(Rρ2)
(9)
Let M˜(κ) be the Fourier transform,
W (ρ)M(ρ) =
∫
d2κ M˜(κ) exp [−2iπκ · ρ] (10)
One obtains,
< g1g
∗
2 > (α) =
∫
d2κ1
∫
d2κ2 M˜1(κ1)M˜∗2 (κ2)
∫
d2ρ1
∫
d2ρ2 exp [2iπ (κ2 · ρ2 − κ1 · ρ1)]
×


ϕ1(Rρ1)ϕ
∗
2(Rρ2) (phase-phase)
χ1(Rρ1)χ
∗
2(Rρ2) (amplitude-amplitude)
ϕ1(Rρ1)χ
∗
2(Rρ2) (phase-amplitude)
χ1(Rρ1)φ
∗
2(Rρ2) (amplitude-phase)
(11)
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As already indicated in the case of the phase correlation [16], the small perturbation
and the near field and the statistical independency of the atmospheric layers hypothesis are
assumed to determine the covariance at the ground [5], Bϕ [R(ρ1 - ρ2),α ] = < ϕ1(Rρ1)
ϕ∗2(Rρ2) >. This reasoning continues to apply in the cases of the log-amplitude, and phase-
amplitude covariances. Therefore, the assumption implies that, in the calculation, only are
considered the covariances in the same layer l, neglecting the diffraction of light [26]. Using
the notation X standing for the covariances on ϕϕ, χχ or ϕχ, on obtains,
BX [R(ρ1 − ρ2), α] =
∑
layers l
BXl [αhl i+R(hl)(ρ1 − ρ2)] (12)
where BXl is the phase covariance of the turbulent layer l, i is the unit vector determined
by the direction of the two sources, and R(hl) depend on the altitude of the layer, with
R = R(0) close to the observer. Let be η = ρ1 - ρ2, and ρ = ρ2.
The correlation function between the two quantities of interest g1 and g2 becomes
< g1g
∗
2 > (α) =
∑
layers l
∫
dκ1
∫
dκ2 M˜1(κ1) M˜
∗
2 (κ2) exp [2iπ (κ2 · ρ2 − κ1 · ρ1)]
∫
dη
∫
dρ exp [2iπρ (κ2 − κ1)] exp [−2iπκ1 · η] BXl [αhl i +R(hl)η]
(13)
Introducing the Dirac function δ [κ2 − κ1],
δ [κ2 − κ1] =
∫
dρ exp [2iπρ(κ2 − κ1)] , to obtain (14)
< g1g
∗
2 > (α) =
∑
layers l
∫
dκ1 M˜1(κ1) M˜∗2 (κ2) exp [−2iπκ1 (ρ1 − ρ2)]
∫
dη exp [−2iπκ1 · η] BXl [αhl i+R(hl)η]
(15)
The only difference between the phase and the log-amplitude related expressions is in the
trigonometric factor indicated in Eqs. 5 and 6. In the previous work [16], the trigonometric
factor of Eq. 5 related to the phase is approximately equally to 1 in the hypothesis of
the weak field. Lee and Harp have investigated the correlation properties of an optical
field that has propagated through weak turbulence. They derive the field amplitude and
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phase correlations [27]. Louthain and Welsh proposed an amplitude-phase cross correlation
to derive the structure function [28]. By comparison, the following expressions contain
aperture filter functions such as the piston function that can be used to calculate effects
such as aperture averaging of scintillation, and higher-order aberrations on an aperture and
for considering finite size receivers or sources. Using these extensible aperture filter functions
allows to write the answer to the problem of the measurement of the scintillation using the
relationship between the log-amplitude and the phase.
Assuming a fully developed Kolmogorov turbulence [29], the power spectrum of the phase
deduced from the Von-Karman model can be used to study the scintillation for small per-
turbations regime,
Wϕ(|κ|) = k
2
cosΩ
0.033 (2π)−
2
3 (κ)−
11
3 C2n(z) dz (16)
with k being the wave number, and Ω the zenithal angle.
Tatarski [1] discussed in details how to eliminate one axial integration for the single wave
case underlying in the Eqs. 5 and 6. His arguments extend to the two waves case [9] p 50-51.
The angular correlation between two distinct sources separated by an angle α becomes,
< g1g
∗
2 > (α) =
7.2.10−3
µ0
(
D
r0
)5/3 ∫ Latm
0
dz C2n(z)
∫
d2κ κ−11/3 M˜1(κ) M˜∗2 (κ) exp
[
2iπαz κ · i
R
]


cos2
[
κ2z
2k0
]
(phase-phase)
sin2
[
κ2z
2k0
]
(amplitude-amplitude)
1
2
sin
[
κ2z
k0
]
(phase-amplitude)
(17)
with
1
µ0
(
D
r0
)5/3
=
0.033(2π)−2/3k2R5/3
cosΩ
25/3
0.023
, and µ0 =
∫ Latm
0
dz C2n(z),
r0 being the Fried parameter. The parameter α is the angular separation between the source
of reference and the source of interest.
Applied on the phase, an analytical operator defines a spatial operator and an analytical
spectral function in the Fourier space. The wavefront curvature gives the measurement of
the mean phase Laplacian over the pupil [30],
G(Rρ) = W (ρ) ∇2ϕ(Rρ) (18)
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and M˜(κ) = −4πκJ1(2πκ).
In the Zernike polynomial decomposition, M(Rρ) define the Zernike polynomials to ob-
tain the derivation of the angular modal correlations [26],
G(Rρ) = W (ρ)Zj(ρ)ϕ(Rρ) , (19)
where Zj(ρ) are defined in polar coordinates (ρ, θ) by a product of functions ρ and functions
θ [25],
Zj(ρ, θ) =
√
n + 1


Rmn (ρ)
√
2 cos(mθ) : j even and m 6= 0
Rmn (ρ)
√
2 sin(mθ) : j odd and m 6= 0
R0n(ρ) : m = 0
(20)
with Rmn (ρ) =
n−m
2∑
s=0
(−1)s (n− s)!
s! [n+m
2
− s]! [n−m
2
− s]! ρ
n−2s .
The Fourier transform M˜(κ) = Qj(κ, φ) is [25],
Qj(κ, φ) =
√
n+ 1
Jn+1(2πκ)
πκ


(−1)n−m2 im√2 cos(mφ) : j even and m 6= 0
(−1)n−m2 im√2 sin(mφ) : j odd and m 6= 0
(−1)n2 : m = 0
(21)
where Jn(x) is the Bessel function of the n order and i is the imaginary unit.
Another notation of the pupil filtering function (piston mode) in polar coordinates (κ,φ) is
M˜(κ) =
J1(2πκ)
πκ
. (22)
The pupil filtering function (piston mode) can be used to calculate effects such as aperture
averaging. The mean average value over a circular aperture is given by the Noll expression
of the piston [25]. In the Fourier space, the corresponding spectral function is real with an
analytical expression.
In the following, we determine the angular correlation between the aperture-average log-
amplitude and quantities related to the phase such as the curvature and the Zernike defocus
mode. Mellin transform theory can be used to evaluate every one of these integrals that
occur with any of the filter functions given in this paper and with any of the standard models
of the turbulence spectra [9, 16, 23].
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C. Angular correlation between the aperture-average log-amplitude and the
aperture-average phase
Applying the filter function for the mean average value over a circular aperture, one
obtains the cross-correlation functions between the aperture-average log-amplitude and the
aperture-average phase wavefront from Eq. (17),
< χ, ϕ > (α) =
7.2.10−3
2µ0
(
D
r0
)5/3 ∫ Latm
0
dz C2n(z)
∫
dκ κ−11/3
J 21 (2πκ)
π2κ2
sin
[
κ2z
k0
]
exp
[
2iπαz κ · i
R
]
(23)
In polar coordinates, the correlation becomes,
< χ, ϕ > (α) =
7.2.10−3
2µ0
(
D
r0
)5/3 ∫ Latm
0
dz C2n(z)
∫
∞
0
dκ κ−14/3
J 21 (2πκ)
π2κ2
sin
[
κ2z
k0
]
∫ 2π
0
dφ cos
[
2παzκ
R
cos θ
]
+ i sin
[
2παzκ
R
cos θ
]
, (24)
and considering Bessel relations [22, 23, 26, 31],
< χ, ϕ > (α) =
1.947
µ0
(
D
r0
)5/3 ∫ Latm
0
dz C2n(z)
∫
∞
0
dκ κ−14/3 J 21 (κ) J0
(αzκ
R
)
sin
[
κ2z
4π2k0
]
(25)
In the assumption of the weak turbulence regime, sin
(
κ2z
4π2k0
)
≃ κ
2z
4π2k0
, one obtains,
< χ, ϕ > (α) =
0.049
µ0 k0
(
D
r0
)5/3 ∫ Latm
0
dz z C2n(z)
∫
dκ κ−8/3J21 (κ) J0(
αzκ
R
) (26)
D. Angular correlation between the aperture-average log-amplitude and the
aperture-average Laplacian
The wavefront curvature gives the measurement of the mean phase Laplacian over the
pupil [30]. The filter function for the Laplacian is: M(κ) = −4πκJ1(2πκ). The correlation
between the aperture-average log-amplitude and the aperture-average phase Laplacian is
< χ,∇2ϕ > (α) = −0.049
µ0 k
2
0
(
D
r0
)5/3 ∫ Latm
0
dz z C2n(z)
∫
dκ κ−2/3J21 (κ) J0(
αzκ
R
) (27)
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E. Angular correlation between the aperture-average log-amplitude and the
Zernike defocus mode
The filter function for the Defocus Zernike polynomial is M(κ) = −
√
3
J3(2πκ)
πκ
. Using
the Bessel recurrence law B8 of Appendix B, the correlation between the aperture-average
log-amplitude and the Zernike defocus mode is
< χ,Z4 > (α) = −0.085
µ0 k20
(
D
r0
)5/3 ∫ Latm
0
dz z C2n(z)
[
4
∫
dκ κ−11/3J1(κ) J2(κ) J0(
αzκ
R
)
−
∫
dκ κ−8/3J21 (κ) J0(
αzκ
R
)
]
. (28)
III. RESULTS
Fig. (1) presents the normalized angular cross-correlation between the aperture-average
log-amplitude and the aperture-average phase versus the angular separation α normalized
by the telescope radius R using usual synthetic turbulence profiles.The normalization by
the cross-correlation on-axis (α = 0) is applied noticing that the variance of the phase
and the log-amplitude using this filtering function diverges, the singularity in the piston
integral matching the singularity in the variance of the phase (usually, structure functions
are derived to overcome the problematic). The modeled turbulence profiles are displayed
Fig. (2) and their analytical expressions are detailed in appendix B. The well-known HV5/7
profile corresponds to usual observational conditions defined by a Fried parameter r0 = 5
cm and an isoplanatic patch of 7 µrad. The SLCSAT day-night profiles are modeled from
analytical expressions shown in appendix B. The two modeled profiles so-called Mauna-
Kea (low/high layer) correspond to very good observational conditions. The two profiles
gives an identical value of the Fried parameter about 17.4 cm. Only the localization of the
supplemental layer at low and high altitude differs. In Fig. (1), the angular correlations
dependence on the ratio α/R, α being the angle and R the telescope radius is usual and
show that only the ratio α / R is relevant [22, 23, 26]. For each turbulence profile of Fig.
(4), Tab. I gives the Fried parameter, the isoplanatic patch, and the value of the normalized
correlation of the aperture-average phase Laplacian in a field of view of 30 arcsec.
The continuous integration over the atmosphere in the Rytov approximation shows
that the decorrelation between the aperture-average phase and the aperture-average log-
10
Low layer
(Mauna Kea)
High layer (Mauna Kea)
SLCSAT-night
SLCSAT-day
HV5/7
FIG. 1: Normalized angular correlation between the aperture-average log-amplitude and the
aperture-average phase versus the angular separation α normalized by the telescope radius R.
Curves are derived using usual synthetic turbulence profiles in the literature displayed Fig. (2).
The Fried parameters are 5 cm for HV5/7 and SLCSAT day-night models, and 17.4 cm for the two
Mauna-Kea models.
amplitude of an astronomical object as seen from the ground is due to high altitude layers
using several analytic turbulence profiles with a weak dependence on the Fried parameter.
For instance, the correlation between the aperture-average phase and the aperture-average
log-amplitude for the Mauna-Kea high layer and the SLCSAT models show close behav-
ior although the Fried parameter is 3.5 times smaller. Quite the contrary, high altitudes
layers corresponding to short wavelengths of the turbulence spectrum adversely affect the
correlation functions when comparing the low and high Mauna-Kea models.
Fig. (3) presents the normalized angular correlation between the aperture-average log-
amplitude and the aperture-average Laplacian of the phase versus the angular separation
α normalized by the telescope radius R. The correlation at 50 % defines an angular field
larger than 30 arcseconds (angle from -α to α) for a one-meter class telescope, and for most
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Mauna Kea
(Low layer)
(High layer)
SLCSAT-night
SLCSAT-day
HV5/7
FIG. 2: Analytic turbulence profiles used for the derivations (see appendix B for more details).
The Fried parameter for the two modeling at Mauna Kea is the same (r0 = 17.4 cm). The low
layer Mauna Kea model shows a layer at 5.5 km from the ground while the high layer is located
at 13.5 km. The Fried parameters are 5 cm for HV5/7 and SLCSAT day-night models
of the turbulence profiles. Fig. (4) shows the relative normalized angular correlation by
the same variance derived from the strongest turbulence profile model (HV5/7) in order to
compare more quantitatively the turbulence profiles. The correlation between the aperture-
average log-amplitude and the aperture-average phase Laplacian for the Mauna-Kea high
layer model remains large despite a small isoplanatic patch.
The slow angular decorrelation when the angular separation α increases in Fig.(3), for
both studied turbulence profiles, allows us to envision a method to determine the log-
amplitude variation during the astronomical observations. Recently, an optical system that
directs light from different locations on the focal plane of a telescope onto the same detector
area and an algorithm that reconstructs the original wide-field image has been proposed
[32]. The optical system uses a physically small detector to cover a wide field of view. In a
different version, the optical layout would be able to provide several image of the pupils on
12
Low layer (Mauna Kea)
High layer (Mauna Kea)
SLCSAT-night
SLCSAT-day
HV5/7
FIG. 3: Normalized angular correlation between the aperture-average log-amplitude and the
aperture-average Laplacian versus the angular separation α normalized by the telescope radius
R. Curves are derived using usual synthetic turbulence profiles in the literature displayed Fig. (2).
TABLE I: For each turbulence profile of Fig. (4) is indicated (left to right) the Fried parameter, the
isoplanatic patch (following the definition of Fried [8]) and the value of the normalized correlation
of the aperture-average phase Laplacian in a field of view of 30 arcsec, respectively.
Profile r0 (cm) θ0 (arcsec) Mean Laplacian (%)
HV 5/7 5 1,45 91
SLCSAT-day 5 2,46 94
SLCSAT-night 10 2,79 87
Mauna Kea (LL) 17,4 2,64 75
Mauna Kea (HL) 17,4 1,65 68
the same detector from the different locations on the focal plane. This approach is similar
to the wavefront sensing method from the subdivision of the focal plane with a lenslet array
[33]. The only requirement would be to adapt the distance between each subfield to match
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Low layer (Mauna Kea)
High layer (Mauna Kea)
SLCSAT-night
SLCSAT-day
HV5/7
FIG. 4: Relative correlation between the normalized angular correlation between the aperture-
average log-amplitude and the aperture-average phase by the variance versus the angular separation
α normalized by the telescope radius R. The correlations are normalized by the same variance
derived with the strongest turbulence profile model (HV5/7).
with he 50 % correlation angle in order to derive the phase Laplacian variations, in rela-
tionship with the log-amplitude variations. For instance, a separating distance between the
subfields around two arcminutes on sky would fulfill the requisite conditions using a four-
meter class telescope. One of the purposes would be to detect the effects of the fluctuations
of intensity during the astronomical observations for the detection of faints objects such as
the search from stellar occultations by small Kuiper Belt Objects [13, 14]. In principle, the
log-amplitude variations due to the atmosphere could be distinguished from the transient
astronomical phenomena intensity variations using temporal sequences of continuous scien-
tific observations. The second stage could be to invert the Laplacian of the turbulence to
estimate the scintillation pattern [12]. In the case of the pupil imagery implementation, the
loss of resolution of spatial structures due to the spatial averaging would be an advantage
in the measurement.
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Another method to determine the aperture-average log-amplitude effect would be to
investigate the angular correlation between the log-amplitude and the Zernike defocus mode.
Fig. (5) presents the normalized angular correlation between the aperture-average log-
amplitude and the Zernike defocus mode versus the angular separation α normalized by the
telescope radius R. The correlation at 50 % defines an angle that corresponds to a field of
view larger than 30 arcseconds for a one-meter class telescope whatever the turbulence profile
is. In the optical layout configuration proposed by Zackay and Gal-Yam, the multiplexed
imaging method on focus would allow a determination of the Zernike defocus mode from the
equivalent modulation transfer function extracted by the multi references ergodic method
[34]. It has ben shown that only few realizations is needed to be able to extract the optical
transfer function [35]. The ergodic method has already been successfully applied to recover
the modulation transfer function on extended images of the Sun and for the retinal imaging
enhancement [36]. Nevertheless, the extraction of the mean Zernike defocus mode requires
further study on synthetic and real data to evaluate the reliability of the method.
IV. CONCLUSION
In this paper, methods to detect the log-amplitude variations due to the atmosphere
on transient astronomical phenomena using temporal sequences of continuous observation
with a conventional scientific detector are proposed. The correlation between the second
derivative expression of the aperture-average phase and the aperture-average log-amplitude
of a wave presented in Sect. 2 are useful to evaluate the feasibility of proposed methods to
increase the confidence level of the detection of faint transient astronomical objects. Prac-
tical implementations are suggested to determine the log-amplitude variations using large
field of view observations (i) in the pupil plan from the Laplacian (ii) directly in the image
from the multiplexed imaging method and applying the ergodic method to determine the
focus Zernike mode. Another approach would be to analyze the correlation between the
aperture-average log-amplitude and the differential slope measurements (measurements on
double stars, for instance) that also depends on the second derivative of the phase. Fur-
ther investigations have to be carried out on the reliability to determine the log-amplitude
variations from synthetic data and observations on sky from the proposed methods and,
to determine the residual errors after estimation of the log-ampltitude effects through the
15
Low layer
(Mauna Kea)
High layer (Mauna Kea)
SLCSAT-night
SLCSAT-day
HV5/7
FIG. 5: Normalized angular correlation between the aperture-average log-amplitude and the defo-
cus Zernike mode versus the angular separation α normalized by the telescope radius R. Curves
are derived using usual synthetic turbulence profiles in the literature displayed Fig. (2).
second derivative of the phase. The atmospheric viscosity may significantly affects the cor-
relations which is introduced as the inner scale that represents the cut-off of high frequencies
in the turbulence spectrum. An investigation of the correlation between the log-amplitude
and the phase under the effect of the inner scale of the turbulence spectrum would complete
adequately this study.
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Appendix A: Analytic expression for the turbulence profiles
The turbulence strength versus height for the Hufnagel-Valley model is [9, 18]
C2n(z) = 0.00594
(
W
27
)2
(10−5 z)10 exp
( −z
1000
)
+ 2.7 10−16 exp
( −z
1500
)
+ A exp
(−z
100
)
(A1)
where W is the pseudo-wind and A is a parameter usually set equal to 1.7 10−14. The
HV-21 model (referred to the HV5/7 model since the coherence diameter is about 5 cm and
the isoplanatic angle is 7 µrad for a wavelength of 0.5 µm) has the above value for A, and
W = 21. A value of respectively A = 1.77 10−14, A = 2.5 10−15 and W=11.7, W=10.5
give the same coherence diameter and the anisoplanatic angle that the SLCSAT-day and
SLCSAT-night models as indicated in Fig. 3. Atmospheric turbulence site campaigns at La
Silla [37] and the Mauna-Kea [38] showed principal components around 10 km altitude of
the vertical turbulence profiles displayed by two or three distinct layers integrated on 100 m
depth steps [39]. We propose the following analytic modeling
C2n(z)couche = A ∗
( z
B
)γ
exp
(
− z
C
)δ
, (A2)
where the strength of the layer at the altitude B is characterized by the parameters A
(m−2/3) and C (m) while the parameters δ and γ describe the spread. The behavior of the
ground turbulence can be described by a classical power law in (-2/3) or (-4/3). Fig. (3)
displays the modeling for the Mauna-Kea site with a selection of two layers at low and high
altitude in respect to the ground.
C2n(z) =
( z
25
)
−2/3
+ exp
(
− z
1350
)
(A3)
+ 462
( z
5500
)15
exp
(
− z
2000
)2
(Low layer)
+ 197
( z
13500
)15
exp
(
− z
4900
)2
(High layer)
(A4)
Appendix B: Evaluation of multi parameter integrals using Mellin transform tech-
nique
A powerful method for evaluating integrals has been described by Sasiela and Shelton
that applies to integrals whose integrands are the product of two generalized hypergeometric
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functions [9, 17]. These integrals, which can be transformed into a Mellin-Barnes integral in
the complex plane, can be expressed as a finite sum of generalized hypergeometric functions.
If a function f of a variable κ exists when κ ǫ[0,∞[ and if
∫
∞
0
|f(κ)|2 κ−2σ−1 dκ is finite
then the Mellin transform of this function exists and is defined by
Fm(s) =
∫
∞
0
f(κ) κs−1 dκ, with f(κ) =
1
2πi
∫ σ+i∞
σ−i∞
Fm(s) κ
−sds for κ > 0 (B1)
The technique can be applied to solve the integral in Eqs. (26 - 28). The Mellin transform
pair is
F (s) =
∫
∞
0
dK Ks−1 f(K), f(K) =
1
2iπ
∫ σ+∞
σ−∞
dsK−s F (s) (B2)
The general form of the integral involving three Bessel functions is
I(x) =
∫
∞
0
dK K−η Jα(K) Jγ(K) Jβ(xK) (B3)
Using the properties of the Mellin transforms, the integral becomes
I(x) =
1
(2iπ)2
∫ c+∞
c−∞
∫ c+∞
c−∞
Fα(s)Fβ(t) x
−t Fγ(−η − t + 1− s) ds dt (B4)
Moreover, the Mellin transform of functions can usually be expressed as the ratio of Gamma
functions, using the notation
Γ

 x1, x2, ...., xn
y1, y2, ...., ym

 = Γ(x1) Γ(x2) ....Γ(xn)
Γ(y1) Γ(y2) ....Γ(ym)
(B5)
Jn the (n)
th order Bessel function of the first kind becomes
Fn(s) = 2
s−1 Γ

 s2 + n2
n
2
− s
2
+ 1

 with Re(−n) < Re(s) < 3
2
(B6)
leading to the Mellin-Barnes integral
I(x) =
1
(2iπ)2
∫ +i∞
−i∞
∫ +i∞
−i∞
2−η x−2t Γ

 −s− t+ α−η+12 , t + β2 , s + γ2
1 + t+ s+ α+η−1
2
, 1− t+ β
2
, 1− s+ γ
2

 ds dt
(B7)
This integration can be performed using the method of pole residues. The value of the
integral, as given by Cauchy’s formula, is just 2iπ times the sum of the residues at the
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enclosed poles. When the function is expressed in terms of generalized hypergeometric
functions, the integral leads to the more restrictive convergence condition x ≤ 2. This
condition determines the maximum field of view which can be reached by this method
[20, 23]. Using the Bessel recurrence,
Jµ+2(K) =
2(µ+ 1)
K
Jµ+1(K)− Jµ(K), (B8)
two easily evaluable Mellin integrals appear, I1(x, µ, β, η) and I2(x, µ, β, η)
I1(x, µ, β, η) =
∫
∞
0
dK K−η J2µ(K) Jβ(Kx) (B9)
I2(x, µ, β, η) =
∫
∞
0
dK K−η Jµ(K) Jµ+1(K) Jβ(Kx) (B10)
With the notation µ = inf(α, γ) and ǫ = |α− γ|, Eq. (B3) becomes
I(x) =
∫
∞
0
dK K−η Jµ Jµ+ǫ(K) Jβ(xK) = I(µ, ǫ, η, β)(x) (B11)
The Bessel recurrence law becomes a recurrence law between Mellin integrals which can be
written as
I(µ, ǫ− 1, η, β) = 2(µ+ ǫ− 1)I(µ, ǫ, η + 1, β) − I(µ, ǫ− 2, η, β) (B12)
Usual Mellin transform tables can be used to solve I(x, µ, β, η) and I(x, µ, β, η) which can
be expressed as Mellin-Barnes integrals of the following type
1
2iπ
∫ c+i∞
c−i∞
G(t)F (1− t− η) xt+η−1 dt (B13)
where G and F are the Mellin transforms of g and f respectively,


f(aK) = Jβ(Kx)
g(K) = J2µ(K)
to solve: I1(x, µ, β, η) (B14)


f(aK) = Jβ(Kx)
g(K) = Jµ(K) Jµ+1(K)
to solve I2(x, µ, β, η) (B15)
The Mellin transforms can also be written
g(K) = J2µ(K) −→ G(s) =
1
2
√
π
Γ

 s2 + µ , 1−s2
µ+ 1− s
2
, 1− s
2

 (B16)
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with Re(−2µ) < Re(s) < 1
g(K) = Jµ(K) Jµ+1(K) −→ G(s) = 1
2
√
π
Γ

 s+12 + µ , 1− s2
µ+ 3−s
2
, 3−s
2

 (B17)
with Re(−2µ − 1) < Re(s) < 2
If x ≤ 2 then
I1(x, µ, β, η) =
∞∑
p=0
1
2
√
π
(−1)p
p!
(x
2
)2p+η
Γ

 12 + µ+ p , β2 − p− η2
−p+ µ+ 1
2
, 1
2
+ p , p+ β
2
+ 1 + η
2

 +
∞∑
p=0
1
2
√
π
(−1)p
p!
(x
2
)2p+β
Γ

 1−η+β2 + µ+ p , −p+ η+β2
µ− p− β+η+1
2
, 1+η−β
2
− p , p+ β + 1

 (B18)
I2(x, µ, β, η) =
∞∑
p=0
1
2
√
π
(−1)p
p!
(x
2
)2p+η+1
Γ

 32 + µ+ p , −p− η+1−β2
µ− p + 1
2
, 1
2
− p , p+ η+3+β
2

 +
∞∑
p=0
1
2
√
π
(−1)p
p!
(x
2
)2p+β
Γ

 1−η+β2 + β + p , −p + η+1+β2
µ− p+ 1 + η−β
2
, 1 + η−β
2
− p , p+ β + 1

 (B19)
If x > 2 then
I1(x, µ, β, η) =
∞∑
p=0
1
2
√
π
(−1)p
p!
(x
2
)
−2p−2µ+η−1
Γ

 12 + µ+ p , p+ µ+ 1−η+β2
p+ 2µ+ 1 , p+ µ+ 1 , −p− µ+ η+1+β
2

 (B20)
I2(x, µ, β, η) =
∞∑
p=0
1
2
√
π
(−1)p
p!
(x
2
)
−2p−2µ+η−2
Γ

 32 + µ+ p , p+ µ+ 1− x+β2
p+ 2µ+ 2 , p + µ+ 2 , −p + µ+ x+β
2

 (B21)
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